ABSTRACT The light field can be applied to computational imaging methods, such as digital refocusing, depth reconstruction, and all-in-focus imaging. In this paper, the affine Radon transform of generating the focal stack by the light field is proposed. Then, we derive the inverse formula of the affine Radon transform for reconstructing the light field from the focal stack. We analyze the ill-posedness of the reconstruction problem by the inversion formula and the incompleteness of the focal stack data. The inversion formula reveals the instability of the solution. The focal stack can be regarded as the incomplete data for light field reconstruction in the spatial domain, while it corresponds to the limited support of light field in the Fourier domain. The numerical solution of light field reconstruction is realized by approximating the inverse of the affine Radon transform. Based on the approximated inverse affine Radon transform of light field reconstruction, the high-precision light field data reconstruction method and the computational imaging method can be established via the focal stack data. The experimental results show that the high-precision light field can be reconstructed from focal stack based on the approximated inverse affine Radon transform.
I. INTRODUCTION
The theory of light field imaging [1] - [3] expands the field of computer vision and computational imaging, and is driving the development of the new generation of imaging technologies. In the light field imaging, the 7D plenoptic function is approximated and reduced to the 4D light field, which records the radiance properties of the scene, including the geometric and radiance information of the light rays. It can be used to achieve imaging techniques [4] , [5] that are not available with conventional imaging, such as digital refocusing, viewpoint switching, extended depth of field and scene depth reconstruction. These imaging techniques provide more efficient methods for computer vision issues such as 3D reconstruction, panoramic stitching, perspective synthesis, object recognition and tracking.
The light field data can be used to reconstruct the scene depth map with higher resolution than stereo vision, and contains a wealth of color and texture information of the scene. The light field imaging has the characteristics of improving key imaging indicators such as spatial resolution, depth resolution, dynamic range and 3D scene information [6] , [7] .
It can be studied as the high-dimensional signal sampling problem [8] , which has become an interdisciplinary field of computer vision, computer graphics and signal processing. The acquisition of light field data is to sample the light field in the space, which is essentially the process of dimensionality reduction and discrete sampling of the plenoptic function [9] , [10] . According to the theory of light field imaging, a variety of light field acquisition systems have been designed. Different light field acquisition devices correspond to different sampling methods of the light field data. The approach utilizing sparse representation of epipolar-plane images in shearlet transform domain to reconstruct the light field data [11] . The method to reconstruct the 4D light field from a random set of measurements block by block was proposed to achieve a very high reconstruction quality in terms of Peak Signal-to-Noise Ratio (PSNR) [12] . The deep learning approach using a two branch network architecture to recover a high resolution 4D light field from a single coded 2D image was proposed [13] , which may lead to the real-time light field acquisition systems. The light field can also be reconstructed from the focal stack without the need to insert new optics to the camera [14] . As a sequence of images focusing on different imaging planes, the focal stack enables the flexible acquisition of the real scene [15] - [17] . Since the focal stack is the compression projection of the light field data, the light field data with arbitrary angular resolution can be reconstructed from the focal stack [18] .
The focal stack contains a wealth of 3D information, and has been widely used in the computer vision such as the shape reconstruction from defocus and focus. In this paper, we model the reconstruction problem of the light field from the focal stack as the ill-posed inverse problem in the sense of the projection model. The inverse affine Radon transform of the light field data reconstruction from the focal stack is derived, and the ill-posedness of the inverse transform is analyzed theoretically. The reconstruction problem can be reduced to the problem of reconstruction from incomplete projection data by the spatial and Fourier analysis of the affine Radon transform. Based on the inverse affine Radon transform, the high precision light field reconstruction method and the computational imaging method can be established via the focal stack data. The numerical solution of light field reconstruction is realized by approximating the inverse of affine Radon transform.
II. RELATED WORKS
The light field imaging includes the acquisition, the data processing and the computational imaging method via light field data. The technologies of light field imaging based on the two-plane parameterization have made great progress in the past several decades, such as microlens array based [19] - [21] , camera array based [22] , [23] , coded mask based light field imaging systems [24] , [25] , and light field microscope imaging system [26] , [27] . Since the light field models the light rays in the scene instead of modeling the geometry of the objects, the process of rendering the images from the light field is fast and the computational speed is independent of the complexity of the scene.
The theoretical research of light field imaging has also been developed and improved continuously. Ng Ren studied the digital refocusing theory of light field imaging, and established the Fourier slice photography theorem [28] , [29] to described the computational method of digital refocusing. The basic theoretical characterization of the frequency domain properties between the image field data and the focused image data is given. In the 4D Fourier domain, the 2D Fourier transform of the image at the fixed depth is a 2D slice of the 4D Fourier transform of the light field. This fundamental result provides the theoretical tool for the implementation and analysis of digital refocusing algorithms, and has also produced many extensions and applications in the light field imaging.
Petrovic et al. [30] studied the light field rendering technique to generate the AIF image of the scene. Lumsdaine and Georgiev [31] proposed the imaging method for the focused light field camera and analyzed its performance. The theoretical analysis of the distribution in the spatial and frequency domains of discrete light field data was given, and the rendering algorithm for high resolution images was also proposed. Dansereau et al. [32] studied the support of the 4D light field in the frequency domain and proposed hyper-fan filter to generate scene images in the arbitrary depth with arbitrary depth of field. The support region of the light field in frequency domain [33] , [34] is a 3D manifold in the 4D frequency space. The Fourier analysis of the light field can be extended to the non-Lambertian and the occlusion scenes. The concept of the 6D surface plenoptic function can be used to extend the support region of the light field in frequency domain.
The acquisition methods of the light field data are assorted into direct acquisition and indirect reconstruction. The direct acquisition of the light field data includes the microlens array based system and the camera array based system. The indirect ways comprise the light field reconstruction by the coded mask and the focal stack. The principle of the coded mask is the multiplexing acquisition and modulation of viewpoints, and then reconstructing the light field data. The focal stack refers to a sequence of images that are focused on different planes. The focal stack does not require the placement of new optics, and data acquisition can be achieved by changing the focus plane. The focal stack enables flexible acquisition of real scenes and has a large design space to reconstruct light field data with arbitrary angular resolution.
In this paper, we analyze the problem of the light field reconstruction from the focal stack in the sense of projection model by the spatial and Fourier analysis of the affine Radon transform. Based on the two-plane parameterization, we propose the affine Radon transform that generates the focal stack from the light field data, and derives the inverse affine Radon transform of the light field reconstruction from the focal stack. The light field reconstruction from the focal stack can be regarded as the ill-posed inverse problem, which can be reduced to the problem of incomplete projection data reconstruction. The ill-posedness of reconstructing the light field from the focal stack data is analyzed in the spatial and Fourier domain.
III. AFFINE RADON TRANSFORM OF THE LIGHT FIELD
According to the projection relationship between the 4D light field and the focal stack, the forward model of the focal stack generated by the 4D light field can be established. This forward model can be described by the affine Radon transform, which is the generalization of the Radon transform [35] , [36] via the affine transformation. The focal stack can be achieved by translating the detector or lens along the optical axis. We analyze the focal stack by the detector translation as an example. The analysis of the focal stack generated by translating the lens plane can be obtained in the similar way.
A. AFFINE RADON TRANSFORM OF THE LIGHT FIELD
The 4D light field data structure employs the two-plane parameterization, shown in Figure 1 . Each light ray passes through two parallel planes with plane coordinates (x, y) and (u, v). The (u, v) plane is the viewpoint plane, while the (x, y) plane is the focal plane. In Figure 2 , the (x, y) plane is translated to the (x s , y s ) plane in the refocusing process. The distance between the (u, v) plane and the (x, y) plane is s 0 , and the distance between the (u, v) plane and the (x s , y s ) plane is s. The process of generating the focal stack from a 4D light field is to form a set of images by translating the lens (u, v) or detector (x, y) along the optical axis. Different two planes parameterize the same light field, thus L(u, v, x, y) and L s (u, v, x s , y s ) represent the same light.
In the two-plane parameterization of light field, according to the geometric relationship, x s = 
The affine transform contains scaling and offset with the scaling transform factor 
The transform of the refocusing process from L(u, v, x s , y s ) to the focal stack E(s, x s , y s ) is
As a result, the focus stack E(s, 
The affine Radon transform shows that the process of refocusing is essentially the vertical projection of the light field after the rotation transform R and the offset transform T. The integral paths corresponding to the rotation transform R, the offset transform T and the vertical projection transform I are u = The range of imaging plane of the focal stack is from the (u, v) plane to the infinity, i.e. s ∈ [0, +∞). As a result, the range of the projection angle ϕ is
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B. FOURIER ANALYSIS OF AFFINE RADON TRANSFORM
We analyze the affine Radon transform by the Fourier transform of the light field data. In the affine Radon transform of light field, the integral paths corresponding to the affine Radon transform are u = Suppose the scene is the Lambertian scene, which can be considered as a diffusely reflecting surface. We consider the 2D case L(x, u) of the 4D light field. Since the image point (x, y) is conjugated with the scene point, the depth of the scene point is denoted as depth(x, y) and f (x, y) stands for the radiance of the scene point. If x = 0, we can get
Here, c is the constant radiance, which indicates the light rays emitted from the scene point satisfy the Lambertian condition.
According to the translation properties of the Fourier transform, we can get
When the scene point is conjugated with the point in the (x s , y s ) plane, according to the rotation properties of the Fourier transform, we can obtain
The same result can be derived if we consider the 2D case L(y, v) of the 4D light field. When the scene is the non-Lambertian scene, the rays corresponding to the object point are not with constant radiance, which means that L(x, u) is not uniform. The 
In the Fourier domain, it is the line passing through the origin, but it is rotated accordingly. The rotation angle is the projection angle ϕ in the rotation transform R
The depths of the real scene are in an interval, i.e.,
When s ∈ [s l , s 0 ] and s ∈ [s 0 , s r ], the corresponding ranges of projection angle ϕ are
where ϕ 1 = arctan(
) + π are represented by the maximum depth s l and the maximum depth s r respectively, and ϕ 1 < Therefore, the support of Fourier domain of the light field data is determined only by the minimum depth and the maximum depth, and does not depend on the specific scene content. As shown in Figure 3 , the yellow region represents the Fourier domain support corresponding to ϕ ∈ [0, ϕ 1 ], the green region represents the Fourier domain support corresponding to ϕ ∈ [ϕ 2 , π), and the empty region is the region without the Fourier domain information. The yellow region and the green region are the support domains of the light field's frequency domain. It is known from 19 that the range of angle corresponding to this support domain is [0, ϕ 1 ] ∪ [ϕ 2 , π], which corresponds to the projection angle range.
As a result, the Fourier domain support of light field data is limited. The Fourier transform of the focal stack can be regarded as the limited range of support for light field reconstruction.
IV. INVERSION AFFINE RADON FORMULA
The affine Radon transform of generating the focal stack via 4D light field data is the focused imaging process described by the projection operator. The inverse of the affine Radon transform can be derived to solve the light field reconstruction problem.
Theorem 1: In the light field imaging, the inverse of the affine Radon is Proof 1: The light field can be reconstructed from the focal stack in the form of the Fourier domain based on the projection modeling of focal stack.
where x s = (1 − 
And
Then we can get,
Hence,
We get the inversion affine Radon formula
From the inversion formula, we can see that the inverse transform of the affine Radon transform consists of partial derivatives, Hilbert transform and accumulation operators, which can be written in the operator form.
Here, D is the partial derivative operator, H is the Hilbert transform operator, S is the integral operator. The partial derivative operator is sensitive to noise, and the denominator of the integral function has singularities. As a sequence, the inverse affine Radon transformation formula reveals the ill-posedness of the inverse transform. Another reason for ill-posedness of light field reconstruction from focal stack is the incompleteness of the focal stack data. The focal stack corresponds to the limited support of light field in the Fourier domain. And it can be regarded as the incomplete data for light field reconstruction in the spatial domain.
In the discrete calculation, the numerical solution of the inverse affine Radon transform is unstable due to the illposedness. The inversion formula should be approximated. By the optimization theory, the numerical solution method of the light field reconstruction can be established by the approximation theory.
The partial derivative operator D and the Hilbert transform operator H are from the inverse Fourier transform of |ω 1 ||ω 2 |. In the numerical calculation, the approximation function H (ω 1 , ω 2 ) = H (ω 1 , ω 2 )|ω 1 ||ω 2 | is used instead of |ω 1 ||ω 2 |. H (ω 1 , ω 2 ) is approximated to |ω 1 ||ω 2 | using the Hamming window, and the high-precision light field can be reconstructed by the filtered back-projection and convolution back-projection methods.
V. EXPERIMENTAL RESULTS
The data experiments were performed via the focal stack data captured by the Point Grey camera (model: GS3-U3-60S6M-C) with the Myutron lens (model: HF5018V). The reconstructed light field data is used to further reconstruct the depth of the scene for 3D scene reconstruction. The data experiment uses two sets of scenes with the aperture value f /1.4 and the gain 0. The first data set consists of the wooden cubes marked with numbers. The placement interval of the cubes is 75 mm. The range of the scene depth is from 768 mm to 1068 mm. The exposure time is 15 ms. The second data set has the depth range of approximately 100 cm to 500 cm and the exposure time of 25 ms. Figure 4 and Figure 6 shows the light field reconstruction results of the first data set and the second data set respectively. And the depth maps of the scenes are also reconstructed using the reconstructed light field data. Figure 5 shows the 3D scene VOLUME 6, 2018 single perspective has the large depth of field. The high precision scene depth with pixel-by-pixel can be reconstructed via the light field data.
VI. SUMMARY
Reconstructing the light field from the focal stack is an important approach to obtain light field data indirectly. The mathematical relationship between the light field data and the focal stack data provides a theoretical basis for reconstruction algorithms and sampling analysis. In this paper, the inverse affine Radon transform is derived by establishing the affine Radon transform of the light field data. Based on the approximate of the inverse affine Radon transform, the high-precision light field data reconstruction method and computational imaging method are established from the focal stack data.
The forward problem corresponds to the generation of the focal stack via the light field, as described by the affine Radon transform. The inversion problem is to reconstruct the light field from the focal stack, corresponding to the inverse affine Radon transform. In this paper, the inverse transform is theoretically derived, and the instability of the light field reconstruction problem is analyzed from the formula of inverse affine Radon transform. And the ill-poseness of reconstructing the light field from the focal stack data is analyzed in the spatial and Fourier domain.
The sampling problems such as the sampling interval, the resolution of the reconstructed light field, the resolution of the reconstructed light field and the range of the focal stack can be analyzed based on the affine Radon transform and its inversion. The study of the geometry in the affine Radon transform will facilitate further optimization of the reconstruction algorithms. 
